Non-trivial ΓΔ-regular graphs  by Debroey, I. & De Clerck, F.
Discret’; IMathematics 41 (1982) 7-15 
North-Hedland Publishing Company 
Seminar and Laboratory fipr Experimental, Psychological and Social Pedagogics, State University 
of Ghent, Henri Dunantkaan I, B-9000, Ghent, Belgium 
Seminar of Geometry and Combinatorics, State University of Ghent, Krijgslaan 281, B-9000 
Ghent, Belgium 
Received August 24, 1981 
llsing the results tif C.D. Godsil and B.D. McKay in “Graphs with regular neigh’bourhoods” 
\.t: prove that there are only two non-trivial I’d-regular graphs with diameter 3, and that all the 
ether non-trivial rA-regular graphs have diameter 2. We also prove that there are no 
non-trivial rA-regular graphs with q > A + 1. Next we prove that if a (O,l)-geometric graph is a 
non-trivial rA-regular graph, it is one of the two non-trivial TA-regular graphs with diameter 3. 
At Past we construct two new non-trivial TA-regular graphs on 28 vertices using the Chang 
graphs. 
Let G be a finite graph on n vertices. (We shall make no notational distinction 
between a subset of the vertex set of G and the subgrapll of G it induces). For 
anyvertex v of G wedefine r(v):={u~G\{v}: u-v), d(vj:={tlEG\(t+ ufv) 
and deg( 1;) :’ = pyv)l. w e say that G is Td-regular iff for each v E G both the 
graphs r(v) and A(v) are regular [4]. Notice that if G is rd-regular, then so is its 
complement (3. 
In [4] CD. Godsil and B.D. McKay proved the following theorems. 
graph. 
. If G is a regular and rd-rel,;ular graph, then G is a strongly reg&ar 
If G is a disconnected non-regular I’A-regular graph, the 
of two complete graphs, or G is the disjoint union of 
graph and a connected strongly regular graph. 
theorem. 
if G is ~~sc~~~~~te~, 
types of gva~~s described in the previous 
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In [4] CD. Godsil and B.D. McKay proved the 
non-trivial Td-regular graph 
(a) There are constants A A such that for cat 
following properties 
two vertices u and v of G 
one has (~-t~+\r(~)nr(v)!=A) and (u~vjIA(u)nA(v)\=h). 
of a 
(b) There are constants k, and k2 such that for each vertex v of 6, deg(v)E 
{k,,k,}. For the remainder we assume that k,> ki, and, we define q: = kZ--kl, 
Mi: = (V E G: deg(v) = k}, mi = IA/Pi\, i = 1,2. 
(c) k, -t k2 = $n + 2A + 1 and A + I= in - 2. It follows that n is even. 
(d) Jxt u and v be two non-adjacent vertices of 6. Then 
1 
h+l if deg( u) # deg(v), 
IT(u) n r(t))1 = A+l-r) if deg(u)=deg(v)=k,, 
A+l+q if deg(u)=deg(v)=k,. 
(e) If q > A + 1, then M, is a clique. 
(f) There a re constants CX~ and CY~ such that for all vi E Mi one has lr(vi) fi Mi I = ai, 
i = 1,2. Furthermore, cw1+cy2=~n-1 and (20~~~m,+l)(k,-kz)=(A+l)x 
(n-1)-k1k2. 
(g) 2(A + l)mr = n(k2-aZ) and 2(A + l)lnz = n(k, -(or). 
(h) If +A+l, then n s lO(A + 1). If 7~ :b A + 1, then n G 2(A + l)(A + 2). 
(i) 6 is a divisor of A(m,k,+ nz,k,). 
(j) The diarreter of G is at most 3. 
(,k) Either A and dc are even, or else, one is odd and the other is divisible by 4. 
(1) 26 is a divisor of (m, - m3)(A +q), where A = (q*+ n - l)“*. If m, # m2, this 
implies that q2 + n - 1 is a square. 
0ne can easily check that from these results it follows that: 
(i) x=$2-A -2, 
(ii) kl =$(n+4A+2-2q), k2=$(n+4A+2+2q), 
(iii) 8q(n-4X-4)cY,=-n2A+2nzq-n*+gnA*-8nAq+20nA-4nq* 
- 12nr) + 128 - 16A3--48A* 
+ 4A112 i- l$A,q - S2h +s.p1*+16~-20, 
a2 =$n-l-q, 
(iv) 16n(n -4A -4)r~~ = n(--n2+8mA+8n71+ 1Zn 
- 16A2- 32~~ -32A .- 12q* - 32q - 20), 
m2 =yt--FItI, 
i.e. in general the parameters k2, cyl, (x29 firi and m2 can be ex 
tb parameters n, A and Q 
en so is its 
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complement G. Moreover, if G has parameter set 
(n7 A, A, kl, k*, ml9 m29 aI, a,), 
then G has parameter set 
(n, i, A, n - 4c2 -Ln-k,--1,m2,ml,m2-a,-km,--a,--1). 
Let G be a non-trivial rd-regular graph. If diam G = 3, then G is 
Fig. 1 
of. It G has diameter 3, then there are two non-adjacent vertices with no 
common neighbours. Because of (d) these vertices are elements of M1 and 
q = A + 1. So, (h) implies that n s 10(X + 1). First, consider the case where 
ml =m2=$2. Then (iv) implies that n2- 8nA - 12n +28X2+-S% + 32 = 0, i.e. 
(A, n) E {(0,4),(0,8)}. It follows immediately that G is one of the graphs of Fig. 1. 
Next, consider the case where m 1 # m2. Then, n2 + n - 1= (A + I )2 + n - 1 is a 
square. As (A+1)2<(A+1)2+n-1<(A+1)2+10(A+l), and so (A+2)2d 
(A + 1)2+ n - 1 <(A + 5)2, it follows, as 11 is even, that n E (2A + 4, 6A + 16). 
If n = 2A + 4, (iv) implies that A = 0 or ml = 2(A + 2) = n, a contradiction. If 
n = 6A + 16, (iii) implies that A ~{0,2,6,18}, which however is excluded by (iv). 
In [1] A.E. Brouwer and P.J. Hoogendoorn proved the same result 
using more combinatorial arguments 
Let G be a non- trivial -regular graph. 1 is a clique, then 
ml#m2~nd’n--l=a(2q+a) whereaisanoddintegerandaH. Yeover 
l<ml= 
4(n-2A-2) 
and n- A-2p1--2>0. 
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n 2 2(A + 2) > 2A + 2. So, k, > 2A + 1 or equivalently 
n>4A+2q+2 and ml= 
n(k,-2A~=n(n-4h-2.rl-2) 
n-2A-2 4(n--2A-2) 
0 
Suppose m i = I. Then (1) implies that 2(A + l)(n - 1) = nk,. So, n - 1 divides kl, 
hence n - 1 G kI < k2, a contradiction. 
Clppose m*=rnz= in. Then (1) implies that n = 2(1-- q) G 0, a contradiction. 
So, ml # m2. But then q2 + n - 1 is a square, and so q2+ n - 1 = (q + a)2 with Q 
a non-zero integer. As FZ is even, this implies that n - 1 = a(2r1+ a) with a an odd 
integer. 
If a = 1, then n = 2(q + 1) s 4A + 2~ + 2, which contradicts (1). 
If a=3, then n=67+10. Then (1) implies that 6q-i-l0>4A+2q+2, and so 
7j+2>A. ba (2) 
Then one can easily see that (1) is equivalent with 
(rl+3)(37j+4-A)16(5q-qA+7-3A). 
Th% impiies that q + 3 \ 48, i.e. 
‘I E{l, 3,5,9,13,21,45). (3) 
As q is odd, A+h=$n - 2 == 37 + 3 is even, which by (k) implies that 
both A and h’ are even. (4) 
As ml is a non-zero integer, (1) implies that 
3q+4-A \2(3r)+5)(~+1). (5) 
From (2) (3), (4) and (5) it follows that (q, A) E ((5,4),(45,24)}. Both possibilities 
however contradict (f). 0 
. There are nc:, non-trivial rA-regular gmphs with q > A + 1. 
. By (e) q > A + 1 implies that M1 is a clique, and so, by Lemma 3.1, 
W-l=a(27j+a) (6) 
where a is an odd integer which is at least 5. y :ii) this implies that .iz - 1= 
a(n+4A+2-4k,+a), and so 
( n=,4+ A)&-A--l)-(a-l&5&-A-1)-4 - 
e pnd m,>l (Lem 
mma 3.6) whi 
~h+2, and so n(kI-2A-l)5= 
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As a 35, (6) implies that n 2 1017 +26 > 10A + 36. From (7) and (8) however it 
follows that n < 10A + 6, a contradiction. Cl 
If G is a non-trivial I-‘A-regular graph, then q s A -I- 1 and r] 6 
A+l. MoreoVe;, ~(A+l)~n~lO(A+l), ~(X+l)~nClO(X+l), and for at least 
one of the g.paphs G and G rz <4(A + 1). 
/Ls G is a non-trivial rd-regular graph with parameter set 
ri:. k2, ml, rn2, al, (Ye), G is a non-trivial rd-regular graph with parameter 
set (YZ, X, A, n -kZ-1, n-k,+ rn2, n2,, rn2--(x2-1, m,--(~~-1). So, from 
Theorem 3.2 it follows immediately that q s A + 1 and q < h’+ 1. By (h) this 
implies that n slO(A+l) and n s 10(x+ l), which by (c) is equivalent to 
$(K+ 1) s n and $(A + 1) < n. So, 
$(X+ 1)~ n< lO(h+ 1) and $(A+ l)<n s lO(h+ 1) (9) 
Assume hsh. Then A+hG2A, and so by (c) in-2dA, i.e. ns4(n+l). As for 
at leas? tine of the graphs G and G one has h’ =Z A, this yields the proof. q 
By (c) n = 4(A + 1) iff A = h. Moreover, (c), (f) and (g) then imply that 
Let G be a non-trivial rd-regulnr graph. If Ml is a clique, then 
+A-3. 
0 As M1 is a clique (7) and (8) still hold. So, k, < 3A + 2 and n s 10A + 1. As 
q = (n - 1 - a2)/2a with a 3 5 (Lemma 3.1), this implies that q s A - 3. El 
3. Let G be a non-triufai I’A-regular graph. If v = A -I- 1, then 
diam G = 3 an; G is one of the graphs of Fig. 1. In all other cases diam G = 2, 
v+A and hence A>0 
By Theorem 3.2 we know that q s A + 1. If diam G = 3, then by Theorem 
2.1 G’is one of the graphs of Fig. 1. Now, let diam G = 2. If q = A + 1, then by (d) 
non-adjacent vertices in M1 do not have common neighbours, so M1 is a union of 
cliques. But if there are at least two different cliques in M1, then diam G 2 3. So, 
M1 is a clique and by Corollary 3.4 q <A - 3, a contradiction. Tz1 
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(3) for any line L and any point p which is not incident with L, there are 0 or ~1 
points incident with L and collinear with p. 
Now, let B’ be a subset of B. Then, define G to be the set of points of P which 
are in S incident with at least one line of B’, and define two elements of G to be 
adjacent iff there is at least one (and so exactly one) line of B’ incident with both 
of them. Then, we call the graph G a (0, &geometric graph. 
. If a (0. i)-geometric graph G is a non-trivial fA-regular graph, 
hen G is one of the qaphs of Fig. A. 
00%. As in G there occur two different degrees of vertices, namely k, and kZ, it 
follows immediately that in G there are two types of points, namely points that 
are incident with tl + 1 lines of B’, and points that are incident with f2 + 1 lines of 
B’, H here kl = ( tl + 1)s and k2 = (t2 + S)s, such that 
Moreover, from the structure of S it follows immediately that A = s - 1. Then, 
from (c) it follows that ( t1 + t2 T 2)s = in + 2(s - 1) + 1, and so 
n = 2((t, + t2)s + 1). (11) 
As r6A+l, (fZ--t&<s, an& so by (10) 
f*=fl+l. (12) 
As ri. < lO(A =? lj, 2((t, + t2)s + 1)s lOs, which by (12) implies that tl < 2, and so 
&, C!) E ((0, 1), Cl, 2% 
If {t,, f2) = (0, l), then n = 2(s + l-j, k1 = s and k2 = 2s. And so, (f) and (g) imply 
that either s = 1, and then G Is the path with four vertices, or q = s and 
ml =I 2(s + 1.) = n, which is impossible. 
If (tl, t2) = (1,2), then n =2(3s+ l), /cl = 2s and k2 = 3s. So, (f) and (g) imply 
that q = 2:;/(s + 1) and ml = 2(3s + l)/(s + 1). It ?ollows that s = 1, hence G is the 
graph on 8 verltices of Fig. 1. q 
This theorem can also be proved withou: using Theorem 3.2. and its 
ere exist two vertices of Ml that are not adjacent, then (d) implies 
+ 1, and then the same arguments as in the proof above show that G is 
So, we now may assume that all points of are incident with a li 
If wl,<s+l, consider a poin P’: x I L}, a line L’E 
en considering m an 
‘ .8 = 0, a contradic- 
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So, we may assume that rn 1 = s + 1” AS G is connected, there exist a vertex v in 
M, and a vertex w in M2 such that v and w are adjacent. This implies that every 
vertex of M2 is adjacent to at least one vertex of Ml, and so y1= (s + 1)tis +(s + 1). 
This together with (1 l), which still holds, implies that s = 1 and t2 = 0, a 
contradiction. 0 
The triangular graph r(t) is the line graph of the complete graph I<* on t 
vertices, i.e. T(t) = L(K,). T(t) i s a strongly regular grat,h with parameters n = 
$(t - l), valency rz I = 2(t - 2), A = t - 21, p = 4. 
If t # 8, ther: every strongly regular graph wit these parameters is isomorphic 
tc T(c) 
If t = 8, then n = 28, fit = 12, ,! = 6, ~1, =4, and there are exactly four non- 
isomorphic strongly regular graphs with these parameters, namely ‘r(8), and the 
so called Chang graphs T’(8), T”(8) and I”“‘(8) [3]. Each of the Wee Chang 
graphs is switching equivalent to T(8) [S]. In Fig. 2 we recall the well-known 
representation of each of these four graphs. Each figure contains eight lines. The 
vertices of the switching set are marked x , the others 0. l’wo vertices of the same 
kind are adjacent if? they are on the same line, two vertices of different kind are 
adjacent iff they are not on the same line. 
T(8) T’(8) T”(8) T”‘(8) 
Fig;. 2 
. Let G be a non-trivial Td-regular graph with 28 vertices, then it is proved in 
that A = h = 6, ki = 12 and k2 = 15. As either for G or for G ml 2 m2, we may 
assume m, H - m2, and then ml has to be 14, 16 or 18 [4]. It has also been ved 
that for a non-trivial rA-regular graph with the above parameters both and 
fiz have (0, 1)-adjacency matrices with smallest eigenvalue greater than or equal 
to -2 [4]. 
For the case nz, = 18 and m2 = 10, it is known fI4] that has to be the 
Petersen graph, hile there are two possibilities for M,. Eit 
the graph N( 18) ber 70 in [2]. N(‘l8) is the li 
in Fig. 3 switched to the set ((d, e), (a, f), (a, h), (b, c), (b, g)). All 
these candidates fo are known to be subgraphs of at least one of the 
le of a non-trivial on 28 vertices is 
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a 
e 
b 
h 
.3. We wish to construct non-trivial T’A-regular graphs with y1= 28 and m 1 = 18 in 
the following way. Take one of the Chang graphs, find a Petersen graph :E, a subgraph 
such that the graph induced on the remaining points is LQ&) or N(H). Take the 
complement of the Petersen graph (leaving all other adjacencies) and check 
whether the obtained graph is a non-trivial rd-regular graph. 
§ T’(8) has no Petersen subgraph. Indeed, if N is a Petersen subgraph of T’(8) 
a if N has I vertices not belonging to the witching set of T’(8), then 1 M. By 
checking, it is immediately clear that any such vertex x is in N adjacent to exactly 
one vertex y of the switching set.. Counting in two ways the pairs (x, y), we have 
1 . 1 = (10 -- 1) . 3, a contradiction. 
0~: can prove that T”(8) has (up to isomorphisms) exactly one Petersen 
subsaph. The graph we obtain is non-trivial I’d-regular graph with the above 
parameters and M1 is N( 18). 
One can also prove that T”‘(8) has (up to isomorphisms) exactly two Petersen 
phs. So, we obtain two graphs both of which are non-trivial rd-regular 
with the above parameters and for one of them s L(.l&) (and the 
we obtain is t1.e example in [4]) while for the other 1 is N(18). 
ig. 4 we give a representation of these thy!:,- non-isomorphic non-trivial 
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ar graphs. The alertices marked 0 are the vertices of the Petersen graph. 
ig. 4(a) and Fig. 4(c) are labeled in such a way th;it one can easily 
verify that the graph induced on the 18 other vertices is indeed N(M). 
. (a) Suppose ml = 15, YT,~ -2 12. Then, using [4] at.nd [2] one can 
has to be L (S,) (Fig. 5) or the graph with list number 9 which is 
valent with L(S,), and that Ml has to be one of the following 
graphs L(S,) or the graphs with list number 43, 44 or 45, again all these graphs 
are switching equivalent. 
We did not succeed in constructing I’A-regular graphs with these parameters. 
(b) If m, = m2 = 14, -2 is not n ssarily an eigenvalue of the (O,l)-adjacency 
matrices of M1 and &, moreover , can be isomorphic to G2 and there are a lot 
of possibilities Again we did not succeed in constructing rA-regular graphs with 
these parameters. 
Fig. 5 
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